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AS-84.3127 Paikannus- ja navigointimenetelmiit
Tentti 05.3.2013

Tentiss# on lupa kadyttds T. Pentikiinen, Matematiikan kaavoja tai MAOL
matematiikan taulukot kaavakokoelmaa sekd tentin kanssa jacttuja kaavoja.

1.) Liikkuvien robottien navigointimenetelmét voidaan jakaa kahteen pésiluokkaan:
reaktiiviset liikeradansuunnittelumenetelmit seka karttaan pohjautuvat
liikeradansuunnittelumenetelmét. Selosta kummankin navigointitavan
toimintaperiaate sekii niiden edut ettd epidkohdat. (6p)

2.) Moottoripyoré litkkuu pohjois-itdsuuntaisessa xy-koordinaatistossa. Kulkusuunta
¢ médritetdsin kompassilla x-akselista my&tapéivaan. Etupy6rin ohjauskulma on
posititvinen ki#nnyttiessi oikealle. Kirjoita moottoripy6rin taka-akselin
nopeuskomponenttien ja suuntakulman differentiaaliyhtélst pohjois (x)-itisuunnassa
(y). Piirrd myds globaalikoordinaatisto ja moottoripyorikoordinaatisto sekd midrittele
kulmien suunta koordinaatistoissa. Moottoripydrin nopeus v ja etupydrin
ohjauskulma # tunnetaan. Moottoripydrd ldhtee origosta. (6p)

3.) Liikkuvan robotin ulkoisilta mitta-antureilta (esim. laser-skanneri ja kamera)
saatavaan mittadataan pohjautuvat paikannusmenetelmét voidaan ryhmitell:
tunnistettaviin maamerkkeihin ja datan sovitukseen pohjautuviin menetelmiin. Selosta
kumpaankin luokkaan kuuluvien menetelmien toimintaperiaate, keskeiset vaiheet ja
osatehtiviit.

a) Maamerkkeihin pohjautuvat paikannusmenetelmét, (3p)

b) Datan sovitukseen pohjautuvat paikannusmenetelmit. (3p)

4.) Alla olevassa kuvassa on esitetty robotti, jonka toimintaympiristni on huone.
Robotti médrittas aluksi etdisyydet oman koordinaatistonsa suhteen seké seinien
suuntakulmat oman koordinaatistonsa x-akselista vastapdiviiin. Tavoitteena on ettd
robotti pystyisi médrittimain paikkansa ja suuntansa myos kulmaan kiinnitetyn
referenssikoordinaatioston G suhteen.

a) Selosta sanallisesti miten robottiin kiinnitetyn, tasossa mittaavan
laserskannerin perdkkéisistd etdisyysmittauksista (361 kpl) lasketaan
kulmahistogrammi vastaten kuvassa esitetty4 robotin paikkaa ja asentoa.
Missé kohtaa histogrammia ovat kunkin seinfin/kaapin paikkaa vastaavat
huiput? Robotin skannaussektori on 180 astetta robotin y-akselin suunnasta
alkaen myétipéividn, (3p)

b) Selosta sanallisesti miten x- ja y-koordinaattien suuntaiset etiisyys
histogrammit mééritetdéin sen jdlkeen kun laserin osumapisteiden x- ja y-
koordinaateista on “kompensoitu” a)-kohdassa mi#ritetty kiertokulman
vaikutus pois, Huoneen koko on noin 3mx3m. Missi kohtaa histogrammia on
kunkin seinén/kaapin paikka? (3p)
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5.) Junan veturi liikkuu suoria kiskoja pitkin, joten vapausasteita on yksi. Veturin
tilasuureina ovat paikka ja nopeus. Kirjoita kaksi differentiaaliyhtéléd Kalman
suodinta varten, jotka kuvaavat veturin tiloja. Junan paikkaa ja nopeutta voidaan
mitata GPS vastaanottimella 1 Hz taajuudella. Kirjoita my0s diskrectti
matriisimuotoinen mittausyhtdld Kalman suodinta varten. Veturin kiihtyvyyden
keskihajonta on 0,5 m/s®. GPS paikkamiftauksen virheen keskihajonta 5 m ja
nopeusmittauksen keskihajonta on 0,1 m/s. Kirjoita diskreetin mittausmallin ja
jatkuva-aikaisen tilamallin virheiden diagonaaliset kovarianssimatriisit Q ja R. (6p)
Kaavoja ilman indekseji:

dx/dt=A*x+B*utw  Q=E{w*w")

y=C*x+v R=E{v*v'}

Kalman suodin (ilman indekseji)

dx/dt=A*x+B*u

dP/dt=A*P+P*AT+Q

x=x+K*(y-C*x)

P=p-P*CHC*P*CT+R)!C*P

K=P*CT(C*P*CT+R)"




AS-84.3127 Positibning and navigation methods
Examination 5.3.2013

It is allowed to use following mathematical tables in the examination T. Pentikiiinen,
Matematiikan kaavoja or MAOL matematiikan taulukot or the collection of
equations delivered with the exam.

1.) Navigation methods of mobile robots can be divided in two main categories:
reactive navigation and map-based navigation (i.c. path planming) methods. Explain

the operational principle of the two main approaches as well as their benefits and
drawbacks. (6p)

2.) A motorbike moves in North-East xy-coordinates. Heading ¢ clockwise from x-
axis is obtained from a magnetic compass. The front wheel angle is positive at right
turn. Write the differential equations of the heading and the rear axis velocity
components at North (x)-East (y) coordinates. Sketch the coordinates and define
angles in the coordinates. Motorbike speed v and front wheel angle u are known.
Motorbike starts from the origo. (6p)

3.) Mobile robot localization methods, which are based on external perception sensor
(e.g. laser range finder or camera) data can be divided in two main categories:
landmark-based localization methods and methods based on matching a local data set
acquired from the perception sensors, with a global map. Explain the general
procedure and subtasks of the methods in both categories.

a) Landmark-based localization methods. (3p)

b) Map-matching/map-based positioning methods. (3p)
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4.) A robot is shown in the following figure. The working environment is a roont. In
the beginning the robot measures the wall distances and the wall angles relative to the
robot’s own coordinates. The aim is for the robot to compute its heading and position
on the coordinates G fixed on the room corner. The robot computes heading
anticlockwise from its x-axis.

a} Explain how the angle histogram is computed from the sequential laser range
measurements. Where in the histogram are the peaks corresponding to each
particular wall/box? The laser scanner is fixed on the robot and the scanning
sector is 180 degrees clockwise from the y-axis of the robot. (3p)

b) By using the result of a) the robot is rotated so that the direction of robot x-
axis and the direction of the x-axis of the reference coordinates are equal. The
room is about 3m x 3m. Explain how the distance histograms in the x and y
direction are computed. Where in the histogram are the peaks corresponding
each particular wall/box? (3p)
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5.) Locomotive is moving on the trails in one degree of freedom. The states of the
locomotive are position and velocity. Write two differential equations for the states of
the locomotive. The position and velocity of the locomotive is obtained from a GPS
receiver at 1 Hz. Write also a discrete matrix form measurement equation for Kalman
filter. The standard deviation of the locomotive acceleration is equal to 0,5 m/s”. The
standard deviation of GPS position and velocity measurements are equal to 5 m and
0,1 m/s, respectively. Write the diagonal covariance matrix for the discrete
measurement model error and for the continuous system model error. (6p)

Equations without indexes:

dx/d=A*x+Brutw  Q=E{w*w")

y=C*x+v R=E{V*VT}

Kalman filter (without indexes)

dx/dt=A*x+B*u

dP/di=A*P+P*AT+Q

x=x+K*(y-C*x)

P=P-P*CT(C*P*CT+R)'C*P

K=P*CT(C*P*CT+R)"




Triangle trigonometry

Trigonometric formulas, see sec. 5.4.

1. Right triangle.

(1)

: a b
sina ==, ¢cos o = -,
c ¢

2. General triangle.

(2)

3

(4)

fano = a coto =
b!

sin _ sinf _ siny _ 1

a b c

a?=b2+c2—2bc cos a

a+f
t
a+b _ 3

a_b - tang:__@

bc sina
A =
2

a+ B+ y=180°

Solution of plane triangles

1. Right triangle: Use (1).

2. General triangle:

iR

3.1

{law of sines)

(law of cosines)

b
a

(law of tangents)

(area formula)

(angle relation)

Given Method: Find

1. | Three sides ab c o, B, yfrom (3) and (4)

2.t Two sides and b, ¢ « a from (3); B (if b <¢) from (2);
the included angle yfrom (4)

3.1 Two sides and b,c B yfrom (2); a from (4); a from (2).
an opposite angle {Possibly two solutions)

4. | One side and a B vy o from (4); b, ¢ from (2)
two angles
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8.5 Taylor Series

Taylor’s formula

Let f(x) and its n +1 first derivatives be continuous in an interval about x=a. Then
& . . .
5 in this interval;

” V n}
(8.2)| f(x) f(a)+f( )(r a)+f2(|a) (x—a)2+...+Lnl(a—)«(x—a)”+Rn+1(x),

X
_ (I—f)n n+1 - f(n+l)(§)
where R, , (x) *J__—n! SO dr= TN

(x_a)n+ [1

a
(£ between a and x)

Maclaurin’s formula

! iy L0 FUO) 5Oy, e
flo=f(0+ TR TR i X+ (n+i)'
' .} odd: only odd powers of x
Note: f(x) is

even: only even powers of x.

F+ D00, (0<o<1)

Taylors series

If R, (x) = 0 as n — e then

L=l

=3 £ (“) (t-a)*  [Taylor series]
=0

)
‘ floy= Z &v" [Maclaurin series]
' k=0 k!

The Ordo concept (Big O and Little o)

L. flx)=00x% as x — 0 means: f{x)=x"H(x), where H(x) is bounded in a neigh-
A bourhood of x=0.

& 2. f(x)=0(x%) as x — 0 means: f(x)/x%2 = 0 as x — 0.

£ . oYt ouh =004 2. 0 £ 00ty = ()
¥ 3. P00 =0() = 0(1) 4. 002 00y = 0()
. Corresponding rules for little o.
Example.
2[00 2 [FPo
€=1l+x+— 5 {O(xg) =1 +x+_2—+{x20(1)
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6.3
Integrals
27 fdr=f) L § fodi=—f)
dx dx ;
- d v{x) , ’
dx [ f(0ydr =)y’ (x) = f (u(x)u' (x)
X ulx)

d vix) dv du vix) d
—_— Flx, dt=F(x, v} — - F(x, u) — = )
= u(jx) (x, 1) (x, v} P (x, u) dx+ ug'x) e F(x, ndr

Inverse function
@:(@)—1 dx_ & y/[dv) B Hd%)? dy dd ]/(@)ﬁ
dy \dx dy2 dx dy dx? dx Jdx3 dx

Implicit function
y=y(x) given implicitly by F(x, y)=0:

dy Fr g2 1
y._x _%_ — [Fu Fyf-2F, F.F, +F, F*
dx Fy dx F
Basic derivatives
fx) &) Jx) flix) fix) ')
x4 ax®™! sinhx coshx §inx cosx
1 a . .
- - coshx sinhx COS X —sinx
X X
Jx t tanh x =]—tanh’x | tanx =1+ tan’x
2./x cosh“x cos x
1 _lj cothx - 12 =~ coth%x cotx _ =_1-cot?x
X x=< sinh”x Sin?'x
2 .
1 -3 arsiith x ! secx sinx secx
xz X x2+1
e* e* arcoshx 1 CSCx —cosx cscx
21
a* a*lna artanhx I arcsinx 1
1 I-x? N —x?
[nfx]| o arcoth x 1 arccosx | — !
l—xz, 1—x2
1
og x| Tna arctan x 1
I+x
arccotx | _ 1
1+_Jc2
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It

6.3

4. piece-wise continuous in [a, b}, if f(x) is continuous at all but a finite number of points
and that, at each point of discontinuity, the one-sided limits of f{x) exist and are finite.

Theorems

. f. g continuous = f+ g, fg, f/g, f - g continuous (where they are defined).
- Any composition of the elementary functions is continuous where it is defined.
. f{x) continuous on a closed interval [a, b=

(a) f(x) assumes every value between f(a) and F(b).

{b} f(x) assumes its supremum (greatest value) and its infimum {least value) in [a, b].
(¢) flx) is bounded in [a, b]

(d} fix) is uniformly continuous in [a, b].
4. f'{x) bounded in an interval 1= f(x) uniformly continuous in /.
5. f’(x)exists on a closed interval [g, b] =

f(x) assumes every value between f(a) and f'(5).

(S R O

6.3 Derivatives
The derivative f’(x) of a function y =£(x) is defined by

Foy= fim LXrA0-JC) o Ay
Ax ->0 Ax Ar—0 Ax

Alternative notation:

Pl __g’l_i —
y=f'W)=2 = fx)=Df(x),

)
-

y= g (y a function of time)

Higher derivatives

77 e dz)" 2
¥ :f (1)3 _E:D f(x),
dx

y(n)___f(n)(x) = SL}' =D"f(x)=[def: D{ Dn_lf(x)}]-
X

n
Differential

Difference Af=f(x+ Ax)—f(x)
Differential df=f"(x)dx

f(x) differentiable = Af=F"(x)Ax + £(x)Ax, where £(x) ~— 0 as Ax —> 0

Equation of tangent of curve y = f(x) at (q, flayy: y—flay=f'(a)(x-a)

Equation of normal of curve y=f(x) at{a, f(a)): y~f(a) sz_’(l_a)— (x—-a)
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4.1

Matrix algebra

[. Addition C=A+B: c,-jza,-j+b1-j (A, B, C of the same order)
2. Subtraction C=A-B:¢y=a;-b; (A, B, Cof the same order)
3. Multiplication by a number, C=xA : cij=xa; (A, Cof the same order)

4. Product AB of two matrices:

If order (A)=mxn, order (B)=nxp, then C=AB is of order mxp

and A B C
R . :

Cij:kz:lafkbkj I MNEBAE a |= -]
[ ]

J J

Note: ABzA[bi, ""bp]z[Abl’ ,Abp]

A+B=B+A (A+B)+C=A+(B+C) x(A+B)=xA+xB
AB#BA (in general) (AB)C=A(BC) IA=Al=A
A(B+C)=AB+AC (A+B)C=AC+BC (AB)T=BTAT
AB ' =B7TATT @AW=yl (A+B)T=aT+BT
AB=ABif AB=BA ( Ay = %Cem:Ae’“

Differentiation
If A=A(x)=(ay(x)) and B=B(x), then () A’'(x)=(a;/(x)) (ii) A+BY=A"+F’
(iii) (ABY =AB'+A'B  (iv) (A?Y =AA’ +A'A (W) (A7) =—4a"l4’a"!

Matrix norms, see sec. 16.2.

Rank

Elementary row operations

I. Exchange of two rows.
II. Multiplication of a row by a constant #0.
III. Addition of an arbitrary multiple of a row to another row.

Notation: A ~ B if A can be transformed to B by a sequence of elementary row

operations.
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