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1. Consider the normed space
co={z = (§)jen : & € C for all j € Nand 3N € Nso that §; =0, j > N}

with norm ||z|| = sup; |;|. Define the operator T : co — ¢o 50 that

1
(Tz); = ﬁfj
for all j € N.

(a) Show that 77! is a well-defined linear operator co — co.
(b) Prove that T is bounded, whereas 7" is not.

(c) Formulate the Open Mapping Theorem. Compare the assumptions and conclu-
sions of the theorem to the situation of this problem.

2. Let X be a Banach space.

(a) Give the definition of a compact set K C X.
(b) Give the definition of a compact operator T': X — X.
(c) Show that the Hilbert cube

M={z= (.6 ) ¢ |Gl <275 keN}
is a compact set in £*(N).
3. In *(N) we define the shift operators S and S* by
Sz = (07515 627 L ')7
S*.'lf - (527537 .. -)>
where x = (£, &2, ...). Show that
(a) 0,(S) =0 and 0,(S*) ={A € C: |\[ <1} =D,
(b) o(S)=0(S*) ={reC: A <1},

(c) OD C 0,4(S), D C 0,4(S*) and determine the corresponding approximate eigen-
vectors.

Please turn over



4. Define on ¢*(N) the mapping P, : (&) — (n) such that

. §k‘a kgn
Lo 0, k>n.

(a) Show that P, is a bounded projection.

(b) Does the sequence (P,) converge weakly, strongly or in operator norm, and if
so, what is the corresponding limit operator?

5. Recall the Zorn’s lemma: Let M # () be a set with a partial ordering <. If every
fully ordered subset has an upper bound, then M has a mazimal element m. Explain
how this lemma has been used in the course.
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