MS-E1652 Computational methods for differential equations

(Final) Exam; 13:00-16:00, December 20, 2017 Hyvonen

1. Cousider the initial value problem

) = f (), w(0) =1, (1)

for t > 0.

(a) Let f(t,2) = weos(t) and prove that this function satisfies the (global) Lipschitz
condition with respeet to its second variable, e, that [f(f.0) — f(t.y)| = Ll — ]
for all t,20, y € R and some L > 0. Give the unique solution of (1) explicitly.

(b) Let f(t,ar) = 0% cos(t) and once again solve (1) explicitly, Is the solution well defined
for all 1 € [0,~x)? Does this [ satisfy the (global) Lipschitz condition with respect
to its second variable?

2. Consider the lincar multistcp method (LNIND

| l 4 _
Lypo — ‘.—)‘J'J,] - GJ.-" = '_——)hf.,l'_}\ Jg=0,1,2..... 1)

(a) Is (2) an explicit or an implicit LNM?
(b) Prove that (2) is (at least) consistent of order p = 1.

(¢) Is (2) zero-stable?

(d) Does the point i = —10 belong to the region of absolute stability for (277
Justify your answers.
3. Consider the initial value problem
L) = f(tor(t). r(0) =y # 0. (3)
and the Runge Kutia (RIK) method
g =0+ l]]r(l'.‘l + 3k,
b= fltj.a;). (1)

)

feo = f (r_, FShor; + %m,-.).

(a) Is (4) an explicit or an implicit R method? \Why?
(b) Let f(tyr)y = A with A€ Co Write 2y with the help of .eg for an arbitrary ¢ I,

(¢) Let f(t,.r) = X with A € C. Prove that
oy =)+ ot

where x : Ry — Cis the exact solution of (3} for the considered f. Based on this
result, what seems to be the order of the RK method (17
(d) Let f({,x) = Ae with a fixed real B3 A< 0. For which values of the time step /i > 0

o

does the numerical solution produced by (4) satisfy &, — 0 as j —+ x




4. When the initial/boundary value problem for the heat equation

u(a,t) = upp (2, t). re(0,1), t >0
w(0,t) = u(1,t) =0, t >0,
u(x,0) = g(x). T e (0,1),

is spatially discretized by the standard central second order difference approximation, one
ends up at the following initial value problem:

U'tt) = AU(D), U =G, (5)

for all t > 0. Here, G = [g(x1)....,g(27,)]T and U(t) = [u(x1.t), ..., u(r,,. 1)), with
rj = jh and h =1/(m + 1) being the mesh parameter.

(a) What does the difference matrix A € E™*™ ook like? (It is enough to remem-
ber/reason the structure of A — you need not present an actual proof.)

(b) Introduce some consistent numerical method for solving (5). Let 6 > 0 be the time
step size and denote by U the approximation of U(kd) for b =0.1.2,... .

(¢) For which d > 0 is your method (for sure) stable, that is,

mm

limUp=0€ X
k—x
for any G € Z™7 Justify your answer.

Hint 1: The eigenvalues of A € ™% satisfy 0> Ay > Ao > -+ > Agoy > Am > —4/h2.

Hint 2: For any matrix B € ™" it holds that

DX

lim B" =0

k—nc

m

if and onlv if the eigenvalues of B satisfy [p;| <1, 7 =1..... .
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