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This is a closed book exam. S
There are 4 problems. Each problem receives an equal number of points.

To get full points you should answer all 4 problems.

( | v
: 7z
TS
Problem 1 -
2 ~“ *
Consider the Jaccard coefficient J(x, y) between sets x and y, : { G \
XNyl f v S
J(x,y)= 4 E ,-"f\ ) <
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Define the Jaccard distance as
d;(x,y)=1-J(x,y).

Is d; a metric function? Prove or disprove.

Question 2.1 Consider the nearest-neighbor problem: We are given a set of objects X and a distance
function d. At query time we are given an object q and the goal is to find a point x* € X that such
that

Problem 2

d(g,x*)<d(q,x), forall x € X.

The linear-scan algorithm has complexity @(nD), where n is the number of objects in X and D is the
time required for one distance computation.

In certain cases computing the distance function d is an expensive operation. In those cases it is
desirable to have a lower bound on the distance d. A lower bound is a function d, with the property
d(x,y) = d,(x,y) for all x,y € X. A lower bound d, is useful when it is much faster to compute
than the function d.

Explain how a lower bound distance function can be used to speed up the linear-scan algorithm,

Question 2.2 Consider the edit distance for string comparison: Given two strings x and y the edit
distance d(x, y) between x and y is the minimum number of character operations (character addi-
tions or deletions) needed to transform x to y.
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@s edit distance a metric? Prove or disprove your claim.

(b) Devise an algorithm to compute exactly the edit distance between two strings x and y. What is
the running time of your algorithm?

(c) Consider a dataset of strings 2, and a query string s. Consider the linear scan algorithm (as in
Question 2.1) for finding the nearest neighbor of s in 2 with respect to the string edit distance.

Provide run-time analysis for this problem.

(Hint: you should introduce variables expressing the size of the input of the problem. The running
time of the algorithm should then be expressed using those variables.)

(d) Provide a lower bound for the string edit distance. What is the running time for computing this

lower bound? " X )
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We mentioned in class that citation networks (networks representing citations between research / \
\/ )

/\
articles) are, in theory, directed and acyclic graphs (dags). O ,f/

Explain why we expect citation networks to be directed and acyclic. .

However, in practice, we expect that citation networks have a small number of cycles. Why?

Assume that we want to test whether a given citation network has cycles. Propose an algorithm to o,
detect if a directed graph has a cycle. What is the running time of your algorithm? O
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Problem 4
Consider a data stream X = (x;,X3, ..., Xp), where each element x; is a number between 1 and n.
The number of occurrences of number i in the stream is m; = I{j : xj =i}|. We are interested in
estimating m; for each number i between 1 and n.
(a) Describe how to compute m;, fori = 1,...,n, with one pass over the stream and available
memory O(n) integers.
(b) Consider the following sketching algorithm, where s is a hash function that maps each number
of [1..n] to {+1,—1}, uniformly at random: ¢, R
Al thm FREQSKETCH R G W“\'(NODL') :
gori REQSKET | ,", Y Y MO o
‘ €, Y , s
ce—0 (31 .’/ = o & It p
forje1,...,m TR
¢ ¢ +s[x;] ' \\_‘; ‘
return ¢ O
Show that E[c - s[i]]=m;, foralli=1,...,n.
for all

n how to use the idea of (b) to design a data-stream algorithm for computing m;,

(c) Explai
d with memory smaller than &( n).

i =1,...,n, with one pass over the stream an

O

|/
[ %]

\/

O

7

®



