ELEC-E8104 Stochastic models and estimation (5 op)

Tentti/Exam 23.10.2018

kaavakokoelmaa.

Tentissi saa kiyttid laskinta ja tentissd jaettua '
important formulas for this course

It is allowed to use the delivered Collection of

1. a) Tarvitsetko estimoitavan parametrin jakaumaa kun lasket ML tai MAP

estimaatteja? '
a) Do you need the probability distribution of the estimated parameter when

you compute ML or MAP estimates? in
p

b) Milloin satunnaisen parametrin estimaattori on harhaton?
b) When the estimator of a random parameter is said to be unbiased? )
(Ip

¢) Milloin kannattaa kdyttda informaatiomuotoista Kalman suodatinta, milloin

‘tavallista’ formulointia ?
¢) In what cases it is benificial to use Information filter, in what cases

‘normal’ Kalman filter?
(Ip)

d) Miki Kalman suodattimen kaavoissa kuvaa tilaestimaatin tarkkuutta?
d) In the Kalman filter equations, what describes the accuracy of state

estimate?
(1p)

¢) Jos Kalman suodin toimii oikein, millaista jakaumaa mittausresiduaali
noudattaa? Mitki ovat jakauman parametrit? Tilan estimonti virheen
kovarianssia on P, mittausvirheen kovarianssi on R ja mittausyhtdlén
kerroinmatriisi on H.

e) If the Kalman filter is working properly, what kind of distribution the
measurement residual follows? What are the parameters of the distribution?
State estimation error covariance is P, measurement error covariance is R

and measurement equation coefficient is .
(Ip)

f) Miten ensimmaisen ja toisen asteen laajennetut Kalman suotimet eroavat
“tavallisesta” Kalman suotimesta? Mitd riskejd on ensimmaisen tai toisen
asteen laajennetun Kalman suotimen kaytossd? Mitéd voit sanoa

optimaalisuudesta?

) What are the differences between the first and second order extended
Kalman filter and “normal” Kalman filter? What risks there are using first or
second order extended Kalman filter? Are these different versions of filter

optimal?
(I'p)
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Kuvassa on todenndkoisyysjakauma, joka on kahden normaalijakauman
summa. Parametrit on annettu alla.

In the figure, there is a probability density function of a distribution that is a
weighted sum of two Gaussian densities. The parameters are given below.
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Esitd kaavoja kdyttden MAP ja MMSE estimaattorit. Mitkd ovat estimaatit
(estimaattorien arvot) tissi tapauksessa?

Present MAP and MMSE estimators using equations. What are the estimates
(the values of the estimators) in this case?

(6p)

Olkoon saatavissa kolme mittausndytetta.
Let there be three measurements

#1 #2 #3
input u 1 2 3
output y 3 5 6

Tunnetaan mallirakenne
The model structure is known

y=a*u+b

Kirjoita mittaukset matriisimuotoon z=H*x ja estimoi tuntemattomat
parametrit a ja b matriisimuotoisella pienimmén nelidsumman ei-
rekursiivisella menetelmilla. Kaikilla mittauksilla on sama painoarvo.
Write the measurements in matrix form z=H*x and estimate in matrix form the

unknown parameters a and b using least squares non-recursive algorithm. All
measurements have the same weight.

(6p)
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b)

Hissin paikka, nopeus ja kiihtyvyys voidaan mitata. Paikan mittausvirheen
keskihajonta on 0.1 m, nopeuden mittausvirheen keskihajonta on 0.03 m/s ja
kiihtyvyyden mittausvirheen keskihajonta 0.01 m/s?. Kiihtyvyyden muutos
nopeuden keskihajonta on 1 m/s®. Niytevili on 0.01 s.

We can measure the position, velocity and acceleration of an elevator.
Standard deviation of position measurement error is 0.1 m. Standard deviation
of velocity and acceleration measurement errors are 0.03 m/s and 0.01 m/s*,
respectively. The standard deviation of acceleration change is of I m/s’. The
sample time is 0.01 s.

Kirjoita jatkuva-aikainen tila yhtl5 ja diskreetti mittaus yhtald kaksitilaiselle
Kalman suotimelle. Kirjoita myds kovarianssit tila- ja mittausyhtaloiden
virheille.
Write the continuous time state and discrete time measurement equation for a
two state Kalman filter. Write also equations for state and measurement error
covariance.

Gp
Kirjoita jatkuva-aikainen tila ja diskreetti mittaus yhtalot kolmitilaiselle
Kalman suotimelle. Kirjoita myos kovarianssit tila ja mittausyhtdldiden
virheille.
Write the continuous time state and discrete time measurement equation for a
three state Kalman filter. Write also covariance equations for state and
measurement error covariance.

(Gp

Kirjoita mittausyhtalot seké tilayhtdlot ottaen huomioon yhden syklin viive
yhdessé mittauksessa. Diskretoi tilayhtdld. Laske tilayhtdlon sekd
mittausyhtdlon osittaisderivaatat tilan komponenttien suhteen.
Write measurent equations and state equations taking in account that there
is one cycle delay in one measurement. Discretize the state equation. Compute
partial derivates of state and measurement equations relative to state
components

X, = x,co8(x;) +w

X, = x,8in(xy) + w,

tanx

jossa &  ohjauskulma.  Paikka  mitataan = GPS-vastaanottimella
kulmaminuutteina ja suunta asteina sdhkokompassilla, joiden mittausvirhe
oletetaan nollakeskiarvoiseksi ja gaussiseksi. Kaikki mittaukset saadaan CAN-
vaylaltd 100 ms vilein. Sdhkékompassin mittaus on kuitenkin viivistynyt yhden
syklin verran. Kulmaminuutti on matkana 1852 m latitudin suuntaan.

As inputs, & is the steering angle. The position is measured with an GPS as
angle minutes and the heading as degrees with electric compass. The
measurements are disturbed with Gaussian distributed noise. All measurements
are read from a CAN-bus with 100 ms intervals. However, the compass
measurement is one cycle delayed. Angle minute is 1852 m in latitude direction.
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Diskretoinnin voi tehdd Eulerin menetelmill, jonka voi johtaa suoraan
derivaatan méaritelméstd The system can be discretized with Euler method,
which can reasoned on the basis of definition of derivative.

—x(k
j:_/‘(x,u,t)zm_
7
(6 p)
Equations:
ac 1 b |
A= Al=
cb (a*b-c*c) |-c a

XM L(Z)=argmax(p(Z|X))
Xmar(Z)=argmax(p(x|Z))

xmmse(Z2)=E[x|Z]
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ELEC-EB104 Stochastics models and estimation (5 p)

Equation collection, can be used in the exam.

11.9.2018

(P~'+ HR'H)™' = P- PH'(HPH'+ R)'HP (1.3.3-11)
where Pisn xn, Hism xn,and Rism X m.
An alternative version of the above is
(A+BCB) '= A - AT'B(BAT'B+C)IBATT (133-1D)
oh . Of
811 (9.’8"
AOE g% =[Vof@)])=| ¢+ - (13.5-3)
Ofm . Ofm
8131 65E-,-,
8% . ¢
A9 8131(9271 32139:,,
bz () 2 8;;(;) =V.Vod(z) = : : (1.3.5-6)
P &
8x,011 02,0z,
Define the stacked vector
y & [I (32.1-1)
A
The notation
Y~ N[j, Py (32.1-2)

will indicate that the variable y is normally (Gaussian) distributed with

mean

and covariance matrix (assumed nonsingular)

Py =

PII 'PI:
P P

sivu 1/3

(3.2.1-3)

(3.2.14)
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For x and z jointly Gaussian, as assumed in (3.2.1-2), the condi tional

mean 1s
& & Elz|z] = % + P P72 - 3) (3.2.1-7)
and the corresponding conditional covariance matrix is
A A A -
Pr:r|z = E[(:E - :B)(T’v - :':)rlzl = PII - -P:r:szzIPz:: (321'8)
. ! _ B / _
&(k) = [H* (R® ' HF|"VH¥ (RF)~12F (3.4.1-9)
/ — —_
P(k) = [H*(R*)"'H¥ (3.4.1-15)
Evolution Known input )
of the system (control or Estimation State covariance
(true state) sensor of the state compulation
maotion)
State at ¢, Input at ¢, State estimate at ¢ State covarlance al ¢
z(k) u{k) (k|k) P(klk)
1 I |2
(k) Transition to £y, Stete prediclion State prediction covariance
z(k +1) = F(k)z(k) 2(k + 1K) = Pk + 1|k) =
+ G(k)u(k) +u(k) F(k)(k|k) + C(kyulk) P(k)P(k|k)F(k)' + Q(k)
) 1
Measurement prediction Innovation covariance
2k + 1]k) = S(k+1)=R(k+1)
H(k 4+ 1)2(k + 1]k) +H(k+ 1)P(k + (k) H(k+ 1)
1 1
w(k +1) Measurement at ¢, Measurement residual Filter gain
— z(k+1)= vk +1) = Wik +1)=
H(k+ )a(k+1) +wk+1) 2(k+1) — 2(k +1]k) P(k + 1k)H (k + 1)/ S(k + 1)t
1 ¥

Updated state estimate
2(k+ 1k +1) =
(k + 1|k) + W(k + Vw(k + 1)

Updated state covariance
P(k+1|k+1) = P(k +1]k)
=Wk +1)S(k + 1)W(k 4+ 1)

Updated State Information Matrix at /& |
Pk kot

I

Noiseless State Prediction Information Matrix

Nk Rk LUP TR Rk
t
State Prediction Information Matrix
Plkd - 1= = Aik — 1) — Ak - LIk - 1) .
‘ i [nformation filter state predicti
TPtk A DTk D e QU TR G prediction
I gkt = =i Fik =1 = Pte=tjk=1) "Fk =1 Tk =1
Gain RIS NI (I N1 ST N B P S T
- ) Tk = 1R = 10 Yk = 1k -
Wiky = Ptk k1) 0« HORUE V] HORY RO LR LY =t L
L | [EnA
)
Updated State Information Matrix at & Information filter state update
P -1 A -1 [ A IRy Y I
Pk k34 = PUEK - 1) v HOkY RUE) T H k) ]_vuk ky=ylkk — 11 = Hiky'R(k ‘:llu] (7.23-8)

-9 )

sivu 2/3
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| #(k|N) = 2(k[k)

+ C(k

Nk - LN) —2(

ik + 1[k)]]

where the smoother gain is

or

C(k) = P(k|k)F(k)

1F (k) P(k|k) F(k

)+ Q(k)]™!

[cth =

P(k|k) F (k) Pk

+1k)7"|

P(k|N) =

P(klk) + C (k)

[P(k + 1|N)

—P(k + 1|k)|C (k) k=

N-1,...,0

(8.6.2-16)

(8.6.2-17)

(8.6.2-18) -

(8.6.2-29)

Evolution
of the system

x(0)

Estimation
of the state

2(0)

Covariance and gain
computation

P(0)

|

#(t) X - P(ly = A()P() + F(L),m, Py
_.| F(H) = A(L)e(t) + D) B() I - DOOWDUY
- PCUY R (PO
3(t) = C()x(t) + w(t) N L(’)\ (t) - @) L(t) = PYC(R()
ki)
i Known input
anr:eu &‘ﬂm (control or Estimation State covanance
{true state) :‘!O"‘I:) of ihe state compulation
State at ¢ Input at 1y State estimate at 2. Stale covariance at (;
z(k) (k) (ki) Plklk)

f

Evaluation of Jacobiens

Fibywﬂ_(—k)-

r=t(kjk)

h(k +1) |
H(uu:‘a—:){

=it

I

Transilion to 1.y
vkl
— stk )=
fheatk aki| = vtir

State prediction

R

Flb itk b agk)

Stale prediction covariance
Pik = LAY <
FikiPikikF ki

k)

I

I

Measurernent prediction
ik Lk
Wk vk =1k

Residual covanance
Stk 1y = R{k - 1.

R P LT WY T T

I

!

Measurement at /. .,

itk + 1)
— kb=

ik b lethk + L1 gk =

Measurement residual
vk 1=
I Sy = ik = k)

Filter gain
Wik - 1=

Pk = Uioflik = 1/ Stk -1,

I

I

Updaled slate estimate
HENNE
ko Lk -

=
Wik ~ Livfk = 1)

Updated state covariance
Pl = Uk -1 = Pik -
Wik -

1k

DSk = LWk <1/

sivu 3/3
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