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MS-E2148 Dynamic optimization Kimmo Berg

Exam 12.2.2018

1. Explain shortly the following concepts:
. cost-to-go function
. transversality conditions
. open-loop control
. singular interval
. costate variable
stopping problem.
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2. a) Find the extremal of the functional
1
J(z) = / ()22 + 2(t) ((t) + 1)]db,
0

using calculus of variations and explain what you are doing. z(0) = 0 and z(1) is
free.

b) Find the extremal of the functional

/_ 2(t)2(1 — &(t))%dt,

1
and explain what you are doing. z(—1) =0 and z(1) = 1.

3. A student wants to pass an exam that is held after T time steps. Let us assume that
the level of knowledge k(t) increases with a speed that is proportional to the study effort
w(t). On the other hand, the rate of forgetting is directly proportional to the level of
knowledge. The student attempts to minimize the time spent to study. This situation
can be explained with the optimization model

T
min J=/ w(t)dt
0

k(t) = by/w(t) — ck(t),
where b and c are positive coefficients of proportionality, and w(t) > 0, k(0) = ko, k(T) =
kr > ko. Find the optimal study strategy w(t).

PLEASE TURN!
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4. a) Explain the relationship between dxy, dz(ts) and 6ty and draw a figure.

b) Italian brothers Mario and Luigi are hired to maintain the pipes of the building. The
pipes can be working, leaking or broken. The men can either maintain the pipes,
do nothing or fix them. Working pipes start leaking with probability 20% and get
broken by 10%. Maintaining the pipes (working or leaking) cost 10 but halve the
probabilities of failure. Leaking pipes double the probability of break down. Broken
pipes must be fixed with cost 50. Leaking pipes cost 5. Fixing leaking pipes cost
20. All costs are per time unit. Model and solve the infinite horizon problem with
discount factor o = 0.9 using policy iteration with initial policy where the pipes are
maintained. How much better is the optimal policy compared to the initial policy?
Hint: the initial policy should give value (I — aP)~!g ~ (137.6,161.3,173.9).

5. Model and solve a simple version of American football problem with dynamic program-
ming. Show few steps of calculations how you would solve the problem. The problem is
to find the best strategy to gain 10 yards in 3 downs (tries). The coach has two strategies:
running play (ball is carried by running) or passing play (ball is thrown). Running plays
have higher probability of success but offer smaller yards gained. Passing plays offer more
yardage but the passes may be caught by opponent and then the ball is lost. For example,
a successful outcome could be a gain of 4 yards by running, a loss of 2 yards by running
and then gain os 12 yards by passing (4-24+12>10). A failing outcome could be a loss of
ball by passing or gain of 2+4+3 yards by running (2+4+3<10).

HIB: 0 = J;, + minyg {g + JIf}
E-L: 0=g, — %(g:)
Hamiltonian: H = g + pT (t) f(z(¢), u(t), t)
costate: p(t) = —2&
free state: 0 =g; or h, —p=20
free time: 0 =g —g;zor H+ h; =0
T .
goal: 0=g+ [2]" [£ — i) or H+ h;+ (h, —p)TL =0
W-E: g; and g — g;x continuous






