PHYS-E0461 Introduction to Plasma Physics for Fusion and Space Applications
First examination 24.10.2018

1. (Gyro motion vs drifts) (6p)

Calculate the Larmor radius, Larmor period and E x B drift for an electron (energy 0.1 eV) in auroral
ionosphere, where the magnetic field is 50 000 nT. Assume that the electric field is perpendicular to the
magnetic field and has a magnitude of 20 mV/m. How far does the electron drift in one Larmor period?

2. (From kinetic to fluid approach) (6p)

(a) Calculate the first 2 velocity moments of the distribution function - particle density n, and plasma
flow ns Vs — when the velocity space dependence is given by the Maxwellian distribution (normalized to

particle density).

(b) Derive the continuity equation

on dn
o TV (Vo) = 5 +n.V -V, =0
by taking the first velocity moment of the Vlasov equation
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Hint: For the third term use the divergence theorem
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and remark that the integrand vanishes at the boundary §.

3. (Magnetic bottle) (6p)

Take a magnetic bottle with an axial field: B(z) = Bp[1+(2z/a)?]. Sketch the field to align your z axis properly.
Using conservation of energy and magnetic moment u, show that a particle (mass m) that is mirroring between
points —z,, and z,, has a longitudinal velocity given by

=By (e) - ()

What is the particle velocity at the center of the bottle (where B = By) and at the mirror points?

4, (Whistling at low frequencies) (6p)

Derive the dispersion relation

“p | W
eV
for the whistler wave as the low-frequency part of the R-wave dispersion relation
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Using the low-frequency dispersion relation, show that the group velocity of the whistler wave is
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5. (Essay: Waves in plasmas) (6p)

Think about what you have learned about waves in plasmas. Explain why in plasmas there is such a host
of different waves while in a neutral gas there is just the sound wave. Then try to organize the zoo of them
in your head and describe as many as you remember. In particular, what role do things like background
magnetic field, plasma density and temperature, and the frequency of the perturbation play in this game.



1 Helpful physics formulas

Debye length
Plasma parameter
Plasma frequency

Larmor frequency

Larmor radius

Magnetic moment
E x B drift
Gradient drift

Diamagnetic drift

Maxwell-Boltzmann

Convective derivative

Collision frequency

Gauss’s law
Gauss’s law for magnetism

Maxwell-Faraday equation

Ampére’s circuital law
Sound speed in ideal gases

Sound speed in plasma
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2 Vector identities

(2) A-BxC=AxB-C=B-CxA
(b) Ax(BxC)=(CxB)xA=B(A-C)—-C(A-B)
() (AxB)-(CxD)=(A-C)(B-D)—(A-D)BC)
d) (AxB)x (CxD)=C(AxB-D)-D(AxB-C)

(e) V- (fA)=f(V-A)+A-(Vf)

() Vx(fA)=f(VxA)-Ax(Vf)

(g V- (AxB)=B- (VxA)—-A-(VxB)

(h) Vx(AxB)=(B-V)A-(A-V)B+ A(V-B)-B(V-A)
(i V(A-B)=Ax(VxB)+Bx(Vx A)+(A-V)B+(B-V)A
() V-(AB)=(V-A)B+(A-V)B

k) V-(fI)=Vf-T+fV-T

) V- (VxA)=0

(m) V2ZA=V(V-A) -V xVxA

(n) V(fg) = V(¢g) = fVg+gVf

(0) V- (VfxVg)=0

(p) V-Vf=V3f

(@ VxVf=0

r)fodeffda'
v s

s) [VxAdr=§dox A
v S

t) [dS-VxA=4§dl-A
S C

u) fdlx A= [(dSxV)xA
C S

3 Curvilinear coordinates

Cylindrical Coordinates (r,9, z)
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4 Gaussian Integrals

Definite integral relations of Gaussian integrals
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5 Useful Fourier transforms

(a) F {(Z—{] = —iwf
(b) F[Vf]=—ikf



