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Exam

Q1.

(1p.) Consider the spatial and temporal translation operators
T(dz) |z) = |z + dz) and U(dt)y(z,t) = ¥(z,t + 4t). For infinitesimal dx
and &t, T(6z) = [ — %2 and U(dt) = — BLH.

a) Explain why in the expressions above we must have the identity I, the

imaginary i, Planck’s (reduced) constant h, the momentum p, and the
Hamiltonian H.

b) For time-independent p and H, we have in general the finite translations

Q2.

Q3.

Q4.

T(Az) = exp(—iAzp/h) and U(At) = exp(—iAtH k). Verify that they
vield the correct infinitesimal expressions. For a free particle, show that

Pz + Az, t + At) = exp(—iEAt/h+ iPAx/h)y(z, t),

with E and P the eigenvalues of the Hamiltonian and the momentum op-
erator, respectively.

(1p.) Consider the following equation in position space
(V2 + K)G(7) = 8(7).

a) How is it related to time-independent scattering problems?

b) Find the Fourier transform of the Green’s function G(7) satisfying
the equation.

(0.5p) Formulate Bloch’s theorem and very briefly explain how it is ap-
plied.

(1p.} The operator associated with the velocity of a particle with mass m
can be defined as V = P/m, with P the momentum operator.

(a) How is the velocity operator modified in the presence of a uniform
magnetic field?

(b) Consider a uniform magnetic field in an arbitrary direction of space,
calculate the commutator [V, V,].



Q5.

Q6.

Q7.

(Zp) The Hamiltonian of two lnLera(‘tmg spin-1/2 particles is given by
H= 'yS(l) S(z), where S(l) and S(z are the spin operators for particles 1
and 2, respectively, and v is a constant. Write the matrix representation
of H in the basis of two spins, i.e., {| t1),|1),|1t),[ L))} and find the

eigenvalues of M.

Hint: You can use the following properties of the angular momentum

operators:
JH|i1,mas g2, ma) = R2i(Gi + 1)|d1.mas j2. ma)

Ji 2|1, ma; ja, ma) = hmglji, ma; 2, ma)

T2|j1, g2 gm) = B35(5 + Dl Joz jm) .

Joljv, gai jm) = hm|jy, ja; jm)

with i=1,2. Additionally, for the ladder operators Jr=J, :I:ijy, we have

Jelj,m) = i/j(i +1) —-m(m £ 1)|j,m £1).

(1p.) The entropy of a quantum state, expressed as a density matrix p,
is S(p) = —Tr(plog, p); in terms of its eigenvalues Ap this is S(p) =

- Zk Ak logs Ak
(a) Calculate the entropy S(pg) for pg = |0) (0].
(b) Calculate the entropy of p; = 5 (|0) (0] +[1) (1]).

(c) A state p is a pure state if and only if Tr(p?) = 1. Prove that this
expression is equivalent to S(p) = 0 for positive eigenvalues of p.

(d) Find whether pgy or p; is a pure state.

(2p.) Consider a one-dimensional infinite potential well of length L, with
single-particle eigenenergies FE,, and eigenstates ¢,, for integer n:

0 ,0<z<L T2h? 5 ‘/5 nw
Vie)= { oo ,otherwise '’ En = ey ¥n(2) = T o (fx)

(a) Suppose two identical spin-zero bosons are placed in the potential
well. Find the wave functions and energies for the ground state and
the first two excited states of the system.

(b) Consider now that the two bosons interact with each other through
the perturbing potential V'(z1,22) = —VpLdé(x; — z2), with V4 real
and d(x; —x9) the Dirac delta function. Assume Vp < 1 and compute
the first-order correction to the ground state energy of the system.

Hint:

ey v 1 A L
jdx sin®(az)= T [12a8 + sin(4aB) — 8sin(2a3)]



Q8. (1.5p.) The Fredkin gate (Cswap) is a circuit that transmits the first bit
(control bit) unchanged and swaps the last two bits if, and only if, the

first bit is one. For example:
Cswar([0), ® [1), @10),) = (10), @ [1), @[0),)
CSWAP( . @ |1>£ @ [0), ) = (|1>c: @ |U>r, @ ‘D;)
The Toffoli gate (Conor) is a circuit that inverts the target bit if the

two control bits are both set to 1, otherwise all bits stay the same. For
example:

Cenor (1), ®(0), ®(1),) = 1), @1), ® 1),
Covor(0), ® [1), ®10);) = [0}, ® 1), ® [0},

Construct the Fredkin gate by using three Toffoli gates.

- -
~p- = &
—— -~

Figure: Examples of Two Toffoli gates with e the control (¢) and & the target
(t) bits.



