MS-E1600 Probability Theory Exam
Department of Mathematics and Systems Analysis 18.2.2019, 13:00-16:00
Aalto University K Kytold & N Lietzén

You are allowed to bring to the exam a handwritten memory aid sheet. The memory aid sheet must be of size A4 with
text only on one side, and it must contain your name and student number in the upper right corner. You don’t need to return

your memory aid sheet. The exam consists of 1 problems, cach worth 6 points in total.

The grading of the course is based on either 100% exam score or 50% exam score + 40% homeworks score + 10% quizzes

score, whichever is higher.

1. Recall that a real valued random variable X is said to have probability density
fx: R — [0, +00], if for all Borel sets B C R we have P{X € B] = [, I fx dA, and
that an R2-valued random vector Z is said to have probability density fz: R? —
[0, +00], if for all Borel sets A C R? we have P[Z € A] = [, 14 fz dA?, where A is
the Lebesgue measure on R and A2 = A ® A is the 2-dimensional Lebesgue measure
on R?, and Ig denotes the indicator function of a set S.

(a) Give an example of a real valued random variable which has a probability den-
sity, and an example which does not have a probability density. (1p)
(b) Suppose that Z = (X,Y) is an R?valued random vector which has probability
density fz. Show that the components X and Y have probability densities fx
and fy given, respectively, by (3 p)

fx(z) = / o) dA@y) and  fy(y) = / J2(z.y) dA(z).

(c) Give an example of an R?-valued random vector Z = (X, Y) such that Z does not
have a probability density, but its components X and Y both have probability
densities. (2 p)

2. Let X and Y, and X1, X5, X3,..., and Y7, Y5, Y3, ... be real valued random variables
defined on a common probability space (2, %, P). Prove the following statements:

(a) If we have X, 2% X as n — 00, then also X, P Xasn— oo (2 p)
(b) If we have X, == X and Y;, =3 Y as n — oo, then also X, + Y, =5 X +Y
as n — 0o0. 2 p)

(c) IfwehaveXn—P—LXandYnL>Yasn—>oo, thenalszn+Yni>X+Y
as n — 00. (2 p)




3. Suppose that P; and P, are two probability measures on the same measurable space
(Q, #). Define the collection

¢ ={AcF|P A =PA]}.
(a) Prove that the collection satisfies the following properties: (4 p)
i) Qe¥
(ii):if A, B€e ¥ and AC B,then B\Ac ¥
(iii): if A1, Ag,... € € and A, T A, then A € %.
(b) Statc the Dynkin’s identification theorem. Provide also all the necessary additio-

nal definitions needed in the statement, which go beyond the notions appearing
in part (a) (i.c., beyond those that concern ), #, Py, Py, €). (2 p)

4. Supposc that X is a real valued random variable with standard normal distribution,
i.e., a continuous distribution with density function
1
fx(z) = —=e 2% for z € R.

Ver

LetmeRand s >0, and let Y = m +sX. Let also
px(6) = E[e!] and wy (6) = E[e*"].
Hint: In this problem, you can consider it known that [°° fx(z)dz = 1, and that the ezponential of any complex
number z € C is given by the convergent series e* = 5,00 o 52"
(a) Show that py(8) = ™ px(s6) for all § € R. (1 p)
(b) Let t € R. Show that E[e!X] = /2. (1 p)

Hint: Express the expected value in terms of the density, and perform a suitable change of variables 2’ = z+c.

(c) For r,t € R, show that el®®l < ' + ¢7%=. Use this and earlier results to prove

that for any ¢t € R we have (1 p)
oo 1 .
E[Zau)q ] < +o0.
n=0
(d) Prove that for any ¢t € R we have (1 p)
- 1 n n
E[eX] = th E[X™].
n=0
(e) By comparing (b) with (d), deduce that for n € N we have (1 p)
E[X] = H;’fl(ZJ —1) ifniseven
0 if n is odd.
(f) Prove that ¢x(6) = ¢ %°/2 for all 6 € R. (1 p)
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