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1. a) Starting from the general transversality condition in optimal control,
[he(*(tg), ts) — " (t0)] 8zs + [H (2" (t), ' (tr), P (tr), ty) + he(a* (ty), £)]6E; = O,

justify the different optimal control end point conditions given in the appendix below.

b) Suppose the Hamiltonian does not explicitly depend on time, and suppose a fixed
final time problem. Show that (d/dt)H (z*(t), u*(t), p*(t)) = 0 for all ¢.

2. Solve the optimal control in feedback form to the problem of minimizing

J= 1:z:‘~’(T) +/Tl 2(t)dt
~1 A

subject to & = z(t)+u(t). Hint: Use the HIB and solve it using the trial J(z,t) = %K(t):c2

for the optimal cost-to-go. Solve also K(t) explicitly.

3. Explain or describe shortly six of the following 11 concepts:
a. functional; give an example
b. autonomous problem in the calculus of variation
c. switching function
d. Pontryagin minimum principle
e. stochastic discrete time dynamic system
f. additive cost functional
g. the principle of optimality; give an example
h. cost-to-go at stage i and state z; (stochastic optimal control)
i. shortest path problem
j. optimal cost-to-go (continuous time optimal control)
k. Hamilton-Jacobi-Bellman equation (continuous time optimal control).



4. You are participating in a coin-tossing game where you win 2§ whenever heads occurs
and lose 1$ whenever tails occurs. However, you suspect that the coin is biased, i.e.,
heads and tails do not occur with equal probability. You observed your friend playing the
game before, and he got 2 heads on n tosses. You are allowed a maximum of N tossings.
Thus, your problem is to find an optimal policy of deciding whether to continue or stop
participating in the game given the outcomes of the game so far. Indicate how such a
policy could be found, by formulating the DP-algorithm for this problem.

[S2]

. Your task is to to find the optimal alignment for the two DNA-sequences:
(I)GAATTCAGTTA
2)GGATCGA

To find out similarity of the sequences, we weight different alignments. S; ; = 1 if base in
sequence 1 at place j matches the base of sequence 2 at place i. We also assume that in
evolution there are two types of mutations that happen more than other; C — T and T
— C. Thus, also S, ; = 1 if in sequence 1 in the place j is the structural unit T or C and
in the sequence 2 in the place 7 is the structural unit C or T. In other cases, S;; = 0.
There can also be gaps in sequence 1 or 2, which is penalized by w = 0.

The task is to find the alignment with highest score. We design an alignment matrix
whose elements are:

M;_yj-1+ S;;, (match/no match)

M, ; =max{ M;;_1+w, (gap in sequence 2)

My +w, (gap in sequence 1)
The text in the bracket gives the ”control” how the sequence (2) is built. Also assume
that l] = 1,2, ... and ]ugvo = ]ui,() = ]WOJ‘ =0
Using the DP-algorithm, we get the following scoring matrix

GAATTC CAGTTA

G111 11111111
G11111112 2 22
A1 2 2 2 2 2 2 2 2 2 3
T 1 2 2 3 3 3 3 3 3 3 3
C 1 2 2 3 4 4 4 4 4 4 4
G 1 2 2 3 4 4 4 5 5 5 5
A1 2 3 3 4 45 5 5 5 6

Your task is to find all optimal alignments (i.e., which alignments produce the score 6 in
the scoring matrix) by backtracking from the scoring matrix.

APPENDIX:

HJB: 0 = J, + minyg) {9+ JT f}

E-L: 0 =g, — $(9:)

Hamiltonian: H = g + p”(t) f(z(t), u(t), t)

costate: p(t) = —%Z—

free final state: 0 = g; or hy —p =10

free final time: 0 = g — g;& or H + hy =0

free final state and time: g, = g; =0or h, —p=0=H + Iy

goa1:0=g+[§§]T[%—i] orH+ht+(h1—p)T%=0

W-E: g; and g — g;& continuous




