First course in probability and statistics Final exam

Department of Mathematics and Systems Analysis 31 May 2019
Aalto University L. Leskelid

Guidelines: Write briefly and clearly, but justify your answers. A lone number as an answer does
not vield points. The exam has 4 problems, each worth 0-6 points. Each answer sheet should contain:
e Course name and code
o LASTNAME, FIRSTNAMES, and STUDENT NUMBER (in block letters)
e Study program and year

e Date and signature

Allowed equipment: calculator. ad note card (hand written, text only on one side, own name in
the upper right corner, no need to return)

T1 A sceptics exam contains six problems, and cach will be answered by selecting one of two
alternatives. Each correct answer gives one point. Diligent and lazy students will participate
in the exam. A diligent student has prepared well and will answer each question correctly with
probability 0.9. whereas a lazy student answers uniformly randomly to each question. Based
on course feedback. the teacher estimates that 2 3 of the students are diligent.

(a) What is the probability that a dilicent student obtains precisely 3 points? (2p)
(b) What is the probability that a random student obtains precisely 3 points? (2p)
(c) What is the probability that a student who obtained precisely 3 points is lazy? (2p)

T2 Five randomly chosen students from a large university were asked how many hours per week
they spend studying, and they gave the following answers: 21.2,18.0,32.0,26.8,32.0. Assume
that the students’ weekly amounts of time spent studying are independent and identically
distributed with an unknown expected value p (the mean weekly amount of time spent studying
in the whole university) and known standard deviation o = 4. Based on the students’ answers,
determine for the parameter p

(a) a point estimate, (1p)
(b) an approximate confidence interval on a 95% confidence level. (2p)

(c¢) Is it necessary to assume in part (b) that the weekly time spent studying is approximately
normally distributed in the considered university? (1p)

(d) How many students should be interviewed for the width of the approximate confidence
interval for the parameter y on a 95% confidence level to be at most 1 hour? (2p)
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T3 A farm has 3 geese and 4 chicken. One night 3 foxes enter the farm, and cach of them
atches one uniformly randomly selected bird. Denote X' = number of caught geese and Y
number of caught chicken. Determine:
(a) the probability of the event X = 3, (1p)
(b) the distribution, expectation, and standard deviation of the random variable X, (3p)
(c) the joint distribution of the random variables X and VY, (1p)

and find out

(d) whether X and YV are mutually independent., (1p)

T4 An unknown data source generates mutually independent {0, 1}-valued random numbers
with density function
| -0, z =0

(|0 =
J(x10) 0, =1,

where 6 € (0.1) is an unknown parameter. Numbers vy = 1, 0y =0, 0y = 1, 2y = 1, a5 = |
have been observed from the data source. Ielp Ronald, Karl, and Thomas to estimate the
value of @ based on these obscrvations.

(a) Ronald decides to use & maximum likelihood estimate. Determine the likelihood function
of the parameter and use it to compute the maximum likelihood estimate for the observed
data set ¥ = (xy.....715). (2p)

(b) Karl's estimate is determined by solving @ from the equation

n

e l
E(X10) = =~ a,

i=1

where the left side is the mean ol the distribution f(x|0), and the right side is the mean
of the observed data. Compute this estimate for the observed data set. (2p)

(¢) Thomas interprets the unknown parameter as a random variable, and selects as prior the
uniform distribution on the continuous unit interval, with density function

1, 0 < (0,1),

0, else.

Thomas chooses the mean of the posterior distribution as his estimate. Compute this
estimate for the observed data sct. (2p)
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The table below contains numerical values of the standard normal cumulative distribution

——e 2.

T

x 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
0.0 | 05000  0.5040  0.5080  0.5120  0.56160 05199 05239 05279 0.5319 :
0.1 | 0.5398 05138 05478 05517 05567 05506 05636 0.5675  0.5714  0.5753
0.2 | 05793 05832 06871 05010 05048 05087  0.6026 0.6064  0.6103  0.6141
0.3 | 06179 0.6217 0.6203 06331 0.6368  0.6106  0.6143  0.6480  0.6517
0. | 0.6551  0.6591 06661 0.6700  0.6736  0.6772  0.6808  0.6841  0.6879
0.5 1 0.6915  0.6950  0.6080  0.7019 07051 07088 0.7123  0.7157  0.7190  0.7224
0.6 | 07257 0.7201  0.7321 07357 0.7380 07422 0750 0.7486  0.7517  0.7549
0.7 1 07580 07611 07642 07673 077040 07730 07761 0.7790 0.7823  0.7852
0.8 | O78SL 0.7910 07930 07967 0.7995  0.8023  0.8051  0.8078  0.8106  0.8133
0.0 | 08159 0BI86G 08212 08208 0.8261  0.8280 08315 08310 0.8365  0.8389
LO | O8U3 08138 08161 08485 08508  0.8531 08654 08577 0.8509  0.8621
LU | OBGIE 08660 08686 08708 04720 08719 08770 0.8790  0.8810  0.8830
L2 | 08819 0.8869 08888 0.8007 08926 08040 0.8062  0.8980  0.8097  0.9015
L3 09032 09019 00066 0.9082  0.9099  0.9116 09131 09147 09162 09177
LU 00192 09207 00222 0.0236 09261 09266 0.9279 09202 0.9306  0.9319
15 [ 09332 09315 00357 0.0370  0.9382 09301 0.9106  0.9118  0.9420  0.9441
LG | 09152 0.0463 00071 0.048%0 09495 00506 0.9516 09525  0.9535  0.9545
L7 | 09550 00561 09573 0.0682 00691  0.9690 09608 09616  0.9625  0.9633
1.8 | 09611 0.9619 00661 0.9671 09678 0.9686  0.9693  0.9699  0.9706
L9 | 09713 09719 00732 0.0738 09700 0.97650 09766 0.9761  0.9767
2.0 | 00772 09778 00785 0.0708 09795 0.0803  0.9808  0.0812  0.9817
2.0 | 0.9821  0.9526 00830 0083 00838 00812 09846 09850 09851  0.9857
2.2 | 09861 009861 00865 0.09K71 00876 00474 00881 0.9881  0.9887  0.9890
2.3 | 0.9803  0.0806G 0.050%  0.9001 00904 00906 0.9909 09911 0.0913  0.9916
2.4 [ 0.9018  0.0920 0.0022  0.0925 00927 0.9929 00931 09932 0.9934  0.9936
2.5 | 09938 0.0910 09911 0.9005 009915 09046 0.9948  0.0919  0.0951  0.9952
2.6 | 0.0953  0.9955  0.0056 09057 0.9950 09960 0.9961  0.9962  0.9963  0.9964
2.7 | 0.9965  0.9966  0.9967  0.996% 09969 00970 09971 0.9972  0.9973  0.9974
2.8 | 0.9974  0.0975  0.9976 09977 0.90977 009975 00079 09970 0.9980  0.0981
2.9 | 0.9981  0.9982 00922 09083 00940 0090 09985 0.9985  0.9986  0.0986
3.0 | 0.9987  0.9987 00987  0.080%% 09085 0.09%:  0.0989  0.99890  0.9990  0.9990
3.0 ] 0.9990  0.0991 09991 0.9991  0.9992  (0.0992  0.9992  0.9992  0.9993  0.9993
3.2 | 0.9993  0.9993  0.9994  0.9991  0.9994  0.9994  0.9994  0.9995  0.9995  0.9995
3.3 1 0.9995  0.9995  0.9995  0.9996  0.9996  0.9996  0.9996  0.9996  0.9996  0.9997
3.4 | 0.9997  0.9997  0.9997  0.9997  0.9997  0.9997  0.9997  0.9997  0.9997  0.9998
3.5 | 0.9998  0.9998  0.9998  0.9995  0.999%  0.999%  0.9998  0.9998  0.9998  0.9998
3.6 | 0.9998  0.9998  0.9999  0.9999  0.9999  0.9999 09999  0.9999  0.9999  0.9999
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