MS-C1420 Fourier-analyysi (Aalto-yliopisto) Turunen
19.10.2020, 13:00-17:00

Voit kayttasd tietokonetta, verkkosivustoja ja kurssin materiaalia. Koetehtévat
on kuitenkin ratkottava itsenéisesti. Kerro mité lahteitd kéytit ratkaisuissasi.

Arvostelusta: Tarkastaja pisteyttdi jokaisen tehtédvin asteikolla 0...6. Téydet
pisteet voi saada vastauksesta, jossa on harmiton pikkuvirhe. Tehtévastd on
mahdollista saada pisteitd, jos vastauksessa on vihiénkin asiaa (oikeanlaisia
médritelmié, aiheeseen liittyvid kuvia, laskelmia jne.).

1. (a) Mita tarkoittaa, etti “Fourier-muunnos sdilyttid energian”?
1
(b) Laske signaalin s : R — C energia, missi s(t) = / e e da,
0

2. Tiedetdéin 1-periodisen signaalin s; : R — C Fourier-sarjaesitys

1
31(1?):2@(1/)&2“"’, jossa s?(u):/ e 2TtV (t) dt.
0

VEZ

Tarkastellaan P-periodista signaalia s : R — C (eli téssd s(t — P) = s(t)
kaikilla ¢, missd P > 0). Padttele signaalin s Fourier-sarjaesitys

s(t) = Z e Toisin sanoen vastaa perustellen :
VEZ
(a) Miten lasketaan kertoimet ¢, ?
(b) Mik# tissd on tarkka lauseke eksponenttitekijille el27?
(c) Olkoon nyt s(t) = cos(t). Esitd tdmé signaali s Fourier-sarjana.

3. Olkoon s(t) € R ilmanpaine hetkelli ¢t € R (ajan yksikko sekunti). Mi-
tataan signaalista ndytteet s, = s(k/8000), jotka kootaan vektoriksi v =
(sk)N_, = (s1,52,83, -+ ,sNn), missi N = 32000. Matlab-komento fft las-
kee vektorin v nopean Fourier-muunnoksen. Olkoon tdmén laskennan tu-
los vektori (X3)a_, = (X1, X2, X3, ,Xn). Vektorissa w = (| X;|?)N_,
havaitaan poikkeuksellisen suuria lukuja kohdissa k& =1 ja k = 1000.

(a) Mitéa signaalista s voi tdmén perusteella sanoa?
(b) Myés ainakin jossakin muussa kohtaa vektoria w pitéisi olla suuri luku:
Misséa? Miksi?

4. Schwartz-testifunktioille r,s : R — C ja a : R x R — C olkoon
As(t) = / / 2=V ot ) s(u)dvdu,  R(r,s)(t,v) = r(t) e 2™V 5(v)*.
R JR

(a) Néyté, ettd As(t) = f(¢) s(t), kun a(t,v) = f(t).
(b) Néyti, ettd As(t) = g * s(t), kun a(t,v) = g(v).
(c) Néytd, ettd (r, As) = (R(r,s),a).



MS-C1421 Fourieranalys (Aalto-universitetet) Turunen
19.10.2020, 13:00-17:00

Du kan anvinda dator, nétsidor och kursmaterialet. Problemen maste 16sas
individuellt. Ange vilka kéllor du anvant.

Angaende rdttningen: Varje problem bedéms pa skalan fran 0 till 6 poéng.
Harmlésa sma fel hindrar inte dig att fa maximala poéng. Du kommer fa poéng
om din losning innehéaller nagon relevant information (relevanta definitioner,
figurer, rdkningar etc).

1. (a) Vad innebér “Fouriertransformationen konserverar energin’?
1
(b) Berékna energin for s : R — C, da s(t) = / e e ™ da,
0

2. En 1l-periodisk signal s; : R — C har Fourierserien

1
Z 5 127rt u dér §\1(V) — / e7i27rt-1181(t) de.
0

VEZ

Lat oss studera en P-periodisk signal s : R — C (alltsa hir s(t — P) = s(t)
for alla ¢, ddr P > 0). Hirled Fourierserien

= E ¢, €™ Alltsa ange med motiveringar:
vEZ

(a) Hur koefficienterna ¢, beréknas?

(b) Vad #r den exakta formeln for den exponentiella faktorn e 7
(c) Lat nu s(t) = cos(t). Presentera s som en Fourierserie.

3. Lat s(t) € R vara lufttrycket vid tidpunkt ¢ € R (tiden méts i se-
kunder). Métvirdena s, = s(k/8000) bildar vektorn v = (sp)i, =
(s1,82,83, - ,sn), dir N = 32000. Matlab-kommandot £ft beréknar den
snabba Fouriertransformen av v. Lat (X;)Y_, = (X1, Xo, X3, -+, Xx) va-
ra resultatet av denna berikning. Antag att vektorn w = (| X;|?)M_; har
exceptionellt stora tal i positionerna k = 1 och k = 1000.

(a) Baserat pa detta, vad kan vi séiga om signalen s?
(b) Atminstone i en annan position i vektorn w skall det finnas ett stort
tal: Var? Varfor?

4. For testfunktioner i Schwartzklassen r,s : R — C och a : R x R — C, lat
As(t) = / / 2™V q(t,v) s(u)dvdu,  R(r,s)(t,v) = r(t)e 2™V 5(v)*.
R JR

(a) Visa att As(t) = f(t) s(t), da a(t,v) = f(t).
(b) Visa att As(t) = g * s(t), da a(t,v) = g(v).
(c) Visa att (r, As) = (R(r,s),a).



MS-C1421 Fourier analysis (Aalto University) Turunen
19.10.2020, 13:00-17:00

You may use computer, websites and the course material. However, the problems
must be solved individually. Please indicate which sources you used.

About grading: Every exam problem will be graded from 0 to 6 points. Harmless
small errors do not prevent from getting maximal points. You will get points if
your answer contains at least some information (relevant definitions, pictures,
calculations etc).

1. (a) What does “Fourier integral transform preserves the energy’ mean?
1
(b) Find the energy of s : R — C, when s(t) = / e e da.
0

2. A l-periodic signal s; : R — C has the Fourier series presentation

1
s1) = 3 S() 27, where i (v) = / o127t g (1) dt.
0

VEZ

Let us study a P-periodic signal s : R — C (i.e. here s(t — P) = s(¢) for
all t, where P > 0). Deduce the Fourier series presentation

s(t) = Z c, 2™ That is, answer with justifications :
VEL

(a) How to find the coefficients ¢, ?

(b) What is the exact formula for the exponential factor €27 ?
(¢) Now let s(t) = cos(t). Present this signal s as Fourier series.

3. Let s(t) € R be the air pressure at moment ¢ € R (time measured in
seconds). Measured samples s;, = s(k/8000) form the vector v = (sp)N_, =
(s1,82,83, - ,sn), where N = 32000. Matlab command fft computes
the Fast Fourier Transform of v. Let (X)) | = (X1, Xo, X3,-++, Xn)
be the outcome of this computation. Suppose vector w = (| Xx|?)M_; has
exceptionally large numbers at places £ = 1 and k = 1000.

(a) Based on this, what can we say about signal s?
(b) Also at least at some other place in vector w there should be a large
number: Where? Why?

4. For Schwartz test funtions r,s : R - C and a : R x R — C, let
As(t) = / / 2™V q(t,v) s(u) dvdu,  R(r,s)(t,v) = r(t)e 2™V 5(v)*.
RJR

(a) Show that As(t) = f(t) s(t), when a(t,v) = f(¢).
(b) Show that As(t) = g x s(¢t), when a(t,v) = g(v).
(¢) Show that (r, As) = (R(r,s),a).



