MS-A0202 Differentiaali- ja integraalilaskenta 2, I-20 Metsalo
Ratkaisut, 2020-10-20

1. Kéyrd r(t) = t%i + t3j kulkee pisteestii (1, —1) pisteseen (4,8) origon kautta. Laske kiyrin pituus,
seké tarkka arvo (5p.) etté pituus pyoristetty yhden desimaalin tarkuuteen (1p.).
Ratkaisu: Kéiyréilléi tel-1,2]. ( )=t2 = 2/(t) =2t, y(t) = 2 = y/(t) = 32
=@ 0)2dt = [ VEZ T 9%dt = [ |t|VE+982dt = ([°,(—t)VE+ 9E2dt) +
fo t\/4—|—9t2dt)—{u:4+9t2:>du—18tdt't:—1:u:13 t=0=u=4,t=2=u=40} =

4 " 40 u

(= [isVuts) + ([, Vate) = (55 - 30%°15°) + (55 - 5¢*°11°) = 22(13V13 — 8 + 40V/40 - 8) =
7-(40v/40 + 13v/13 — 16) ~ 10.5

2. a) Mariti funktion g(z,y) = 3 + In(2? + siny) ensimmiisen asteen Taylorin polynomi P (z,y)
pisteen (a,b) = (1,0) ympéristossd (2p.) ja approksimoi lukua ¢(0.98,0.03) luvulla P;(0.98,0.03)
(1p.).

b) Mééritd funktion g(z,y) = 3 + In(xz? + siny) toisen asteen Taylorin polynomi Ps(z,y) pisteen
(a,b) = (1,0) ympéristssé (2p.) ja approksimoi lukua ¢(0.98,0.03) luvulla P»(0.98,0.03) (1p.).
(Mathematica: g(0.98,0.03) ~ 2.99034908)

Ratkaisu: a) g(a,b) = g(1,0) = 3 + In(12 + sin0) = 3.

99 _ 2z 99 _ Og __ _cosy g o
Oz~ x +siny = 31(1’0) =2, dy — x?+siny = By(]‘?O) =1=

Pi(z,y) = g(1,0)+32(1,0)- (2 —1)+F2(1,0)-(y—0) = P1(0.98,0.03) = 342:(—0.02)+1-0.03 = 2.99.

8%g _ 2(x4siny)—4z> d%g 9%g _ —siny(z®+siny)—cos’y 8 g
b) 2% = W 322 (1,0) = -2, 372 = (27 Fsiny)® = 5%(1,0) = —1,
8%g _  —2xwcosy

oz — @tsing)? — 86158gy = Byaac(l 0) = axay(LO) 2=
Py(z,y) = g(1,0) + (52(1,0) - ( — 1) + §4(1,0) - (y — 0)) +

L(Z4(1,0) - (x — 1)2 + QMy(l 0)-(z—1)(y—0)+2 S4(1,0) - (y — 0)?) = P1(0.98,0.03) =
2.99+2(— (—0.02)2 42+ (—2) - (—0.02)(0.03) +1- (0.03)? )—2.99+5(—0.00084—0.0024—0.0009) =
2.99 + 0.00035 = 2.99035.

3. Polynomi p(z,y) = 3x*+2y°% — 122y on miiritelty koko zy-tasossa ja p(z,y) — oo, kun /a2 + y2 —
00, joten p:lla ei ole suurinta arvoa. Mé&&ritd p:n kriittiset pisteet ja pienin arvo. (6p.)
Ratkaisu: 22 =122° — 12y =0= 2% =y, &2 2—12)° —122=0=>y° =z =y =2’ =y =
(y:—1:>33——1) tai (y =0 =2 =0) tai (y—1:>m:1).
Yhteensd kolme kriittistd pistettd: (—1,—1), (0,0) ja (1,1).
p(0,0) =0>p(=1,-1) = p(1,1) = =7 = pin.

4. Kayrit y = cos(3x) ja y = 3cos(x) rajoittavat vililld x € [-7, J] tasoalueen €2, jonka pinta-ala on

2
A= [[,dA.
Q:n keskién z-koordinaatti z = & - [[, 2dA = 0 symmetrian takia. Mééritéd (:n pinta-ala A (1p.)
ja sen keskién y-koordinaatti § = % - [, ydA (5p.).

Ratkaisu: A = ["/7, (3 cos(x) — cos(32))da = [3sin(x) — Lsin(32)72, = 3+ 1) — (-3 - 1) =
63 = 2.

3= 3
_ /2 3cos(x /2 3 cos(z
Yy = % ’ —7{'/2(1‘00:(();;)) dy)d(E = % ’ —7/1'/2[ / ]cos(Sx)d - 2A f 7r/2 9COS 1’)—COS2(3.’E))d =
e :/32( (1+cos(2z)) — 2(1+cos(6z)))dz = 75 - [8z+ 2 sin(2z) — 5 L sin(62)) /7r2/2 = 8m = %

5. Pallon B = {(z,y,2) € R32? + y*> + 22 < R?} tiheys pisteessi (z,y,2) € B on §(z,y,2) =
8o - (22 +y?)/R?, joten §,ar = do (“piiviintasaajalla” zy-tasossa) ja dmin = 0 [kg/m3] (z-akselilla).
Laske pallon massa. (6p.)

Ratkaisu i) (sylinterikoordinaatit) m = fffB 3dV = f027r f fo T (8072 /R?%)-rdr)dz)df =

5 f_ [ /4y dz) = 25 [T L(RY - 2R%22 4 2Y)de = % [RY2 - 2R22% 4+ 125)R ) =
’"50 2(1 — 24+ 1)R° = L6 R?
2R? 15 !

ii) (pallokoordlnaatlt m = fffB ddv = fo%(foﬂ(fOR(éO - (psin ¢)?/R?)p? sin ¢pdp)dg)dh =
"do)( [y sin® ¢do) fo ptdp) = 2% - 27 [77(1 — cos? ¢)sin pde) - [p° /5] =
27r [~ cos ¢ + 3 cos® ¢]F - 55 =2 . 4. %5 = 2T50R3.

(Huom: Keskitiheys § = m/V = % =260 € [6min, Omaz]-)




a) Midritd 57 (z,y) ja 5L (x,y), kun (z,y) # (0,0). (2p.)
b) Maarita 8—f(0, 0) ja %(0 0) kdyttdmalla osittaisderivaatan méaaritelmaa. (2p.)
¢) M&arita aayafz = a%(%) ja ;jgy = %(gi ) origossa kayttamaélla osittaisderivaatan méadritelmaa.
(2p.)
. 12_3 IZ 12_1_31_.%3 T ./1?2 3_,5 21?4
Ratkaisu: ) fm — Bz (3 3y Y 1( (I—giy)Z)Q( y—oy)2 =1 (yI2+yy2J)r2 y7
fy =5 = =t ’%;1;2;5”” v 2 e e (x,y) # (0,0).
b) £.(0,0) = 91(0,0) = limas—0 == (£(0 + Az,0) — £(0,0)) = limaz—o 2 (0 — 0) =0,
fy4(0,0) = *f(o 0) = limay—o Ay(f(o 0+ Ay) = f(0,0)) = limay—o L\%y(o -0)=0.
©) fuy(0,0) = £(5£)(0,0) = limay 0 25 (20,04 Ay) = f2(0,0)) = limayo M(zgy)) —0) =

(3
Y
Fua(0,0) = 2 (2£)(0,0) = lima, 0 E( £,(0+ Az, 0) — £,(0,0)) = lima, 0 ﬁ(@;; —0) =

(Huom: 8%(%)(0, )= 24(0,0) # Z(30)(0,0) = 2£.(0,0))




