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MS-E2148 Dynamic optimization

Exam 24.2.2022

In each task, you can get a maximum of 6 points for the correct solution. You can reach a
maxtmum of 30 points in the exam.

1. Explain shortly.
a. What does the variation of a functional mean?
b. What is a minimum control-cffort problem (optimal control)?
. What is the principle of optimality (DP)?
d. What is Pontryagin's minimum principle?
e.—f. What are the Euler-Lagrange equations and how are they derived?

o]

2. Minimize the functional

J(z) = f:[f(t) + 22 (t)x(t) + 23(t)] dt

using calculus of variation, when x(0) = 1 and #(2) = —3. Explain what you are doing.

Hint: To solve the differential equation that occurs, differentiate. The cocfficients should
be given, but do not have to be computed explictly.

3 At time ¢ = 0. a unit mass is at rest in position z = 0. The mass is on a frictionless
surface. The goal is to move the mass on the surface, so that it is in the same place z =

at time ¢ = T, but so that it has the speed z = 1. To move the mass, a force u(t) is used.
which is restricted by —1 < u(t) < 1. The situation is described by Newton’s second law:

z=uft), 0<t<T,

with the end point conditions 2(0) =0, £(0) =0, 2(T) =0, and 3(T) = 1.

Find the control u(t) that minimizes the end time T,

-
T:/ dt.
Jo

(€1, .I'-_)IT. where @y =

: ]
- e e T i
Find also the minimuin tin

e = sand @y = 1.
Iint: the state variable 18 X .

Please turn! —



4. Let us examine the problem
&(t) = —z(t) + u(t) - 1. z(0) = L.
1
J(u) = 2%(1) ‘f"/ u?(t) dt.
0

Solve the optimal control using the HIB.
Hint: use the trial
V(t.z) = q(t)x? + 2k(t)x + m(t).

and derive differential equations to ¢. k. m.

. Air transportation is available between n cities, in some cases directly and in others
through intermediate stops and change of carrier. The airfare between cities 7 and j
1s denoted by a;;. We assume that a;; = aj;, and for notational convenience, we write
a;; = > if there is no direct flight between i and j. The problem is to find the cheapest
airfare for going between two cities perhaps through intermediate stops.

Let n = 6 and ao = 30, a;3 = 60, a4 = 25, a15 = @15 = 20, Q23 = Q24 = Q25 = °C.
asg = D0, azy = 35, a35 = azg = o<, ags = 15, a4 = OC, As6 = 15. Find the cheapest
airfare from every city to everv other city by using the DP algorithm. Draw a diagram
to illustrate your results.

APPENDIX:

HIB: 0 = J; + miny {g - Jff}

E-L:0=g; — %(gi:) _

Hamiltonian: H = g + pT (t) f(z(t). u(t).1)

costate: p(t) = —2%

free final state: 0 = g; or h —p =10

free final time: 0 =g —gsz or H +h; =0

free final state and time: g=g; =0orh, —p=0=H + h;

goal: 0= g+ [%]" [£ —#] or H+h+ (he —p)TG =0

W-E: g; and g — g;T continuous

Good luck!
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