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l\IS-E:.H-tS D~rm\mic opti111izatio11 

E.rnm if i. t OJ2 

fo rnch ta.~k. you r<w gd a mn-1·im1m1, of 6' points for the corrccf sol'lltion. You can rcach a 
mo,rimum of :-NJ points in the exam. 

l . Explain shortly. 
u. \\'lrnt does the ,·a.riation of a functional mean? 
b. \\'hat is a miuimum control-cffort problcm ( optimal control)? 
c. \\'hilt is thc- principlc of optimality (DP)? 
d. "·hat is Pontryagin's minimum principle? 
e.- f. \\'hat are the Euler-Lagrange equations and how are they derived? 

·) t\linimize the functional 

J(.c) ~ l [.r2(t) + 2:i:(t).r(t) + :i:2 (t)] dt 

using calculus of variation, when x(O) = 1 and x(2) = -3. E:xplain what you are doing. 

H int: To solYc t he diffcrcutial equation that occurs, diffcrcntiate. The coeffi.cients should 
be given. but do not have to he computed e,"Xplictly. 

3 . . -.\t time t = 0. a u11it ma.ss is at rest in position z = 0. The ma&; is on a frictionless 
surfacc. The goal is to movc thc mass on thc surfacc. so that it isin thc sainc placc ::; = 0 
at rime t = T . but so that it has the speed z = 1. To move the mass, a force n(t) is used . 
which is restricted by -1 ~ u(t)::; 1. The situation is described by Newtonis second law: 

i = u(t) , O ::; t ::; T. 

with the end point conditions z(0) = 0, i(0) = 0, z(T ) = 0, and :.(T) = 1. 

Find thc control u(t) t hnt minimizcs thc cn<l t imc T. 

l
T 

T = dt. 
' 0 

. C r• 
fin<l abo tlw mi11imulll t 1n1 · T 

.· blc i.:; x = [.r1 . . r1] . wherc .r1 = ~ nnd .r., = ~ 
Ff mt: t he s tutc vu110 " v. 

Plca~c turu! -~ 



4. Let us examine the problem 

.i:(t) = - x(t) + u(t) - 1. x(O) = 1. 

J(u) = :r2 (1) + J.' u
2 (t) dt. 

Soh-e the optimal control using the HJB. 

H int: use thc trial 
V(t. x) = q(t)x2 + 2k(t)x + m(t) . 

and deriYe differential equations to q, k. m . 

;:> • • ..\ir transportation is availablc between n citics, in some ca.scs dircctly and in others 
through intermediate stops and change of carrier. The airfare between cities i and j 
is denoted by ~i- vVe assume that a,i = aii , and for notational convenience, we write 
a-ii = x if there is no direct fiight between i and j. The problem is to find the cheapest 
airfare for going between two citics perhaps through intermediate stops. 

Let n = 6 and a 12 = 30, a 13 = 60, a 14 = 25, a 15 = a 16 = oo, a23 = a2-1 = a25 = oo. 
a25 = 50, a34 = 35, a35 = a 36 = oc, a45 = 15, a 46 = oo, a 56 = 15. Find the cheapest 
airfare from every city to every otber city by using the DP algorithm. Draw a diagram 
to illustrate your results. 

APPENDIX: 
HJB: 0 = lt + minu(t) {9 + J; f} 
E-L: 0 = 9x - Jt (9x) 
Hamiltonian: H = 9 + pT(t)f(x(t). u(t) . t) 

costate: p( t ) = - 8;: 
free final state: 0 = 9± or hx - p = 0 
free final time: 0 = 9 - 9±X or H + ht = 0 
free final state and time: 9 = 9± = 0 or hx - P = 0 = H + ht 

goal: o = g + [~]T [: - x] or H + ht + (hx - pf !~ = O 
\Y-E: 9± and g - 9±X continuous 

Good luck! 
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