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Write a minl-essay (0.5-1 page each) about the following two topics:
a) Rabi oscillations, Rabi splitting and avolded crossing. No derivations are needed, just
use words, pictures and simple equations.

b) Berry curvature and quantum metric (state the basic definitions by equations, no
other derivations or calculations needed; in addition to the definitions, just use words
and pictures for explaining the concepts)

. Consider non-interacting bosons in a cube of volume V = L3, in which L is the length

of the cube. Show that there is Bose-Einstein condensation for certain particle numbers
and temperatures.

Guidelines: The bosons are described by the Hamiltonian

2
H= [ dxyltn (-'%) Pix). )

Assuming a periodic boundary condition, the single particle eigenstates are

Pn(X) = 7-;6"‘"' (2
with the wave-vector k, = (n,,, ny,ng), m = 0,£1,42,... At an inverse temperature
p = 4= and chemical potentlal  the expected number of partlcles in state n is

—BEn
_ /2t _ ant _ ze
My = <aﬂéﬂ) ks ﬁ{péﬂén} = 1 - Ze'ﬁE", (3)
with the notation z = e°#. The total density of particles in the system is
ze"ﬂEﬂ
VRl Z My = Z T i (4)

You may find it useful to estimate a discrete sum with an integral, to employ spherical
coordinates and to use the following function

gg(z /dxx ze*"' g(1) =2.612... (5)

3. To describe e.g. bosonic atoms in an optical lattice one may use the Bose-Hubbard

Hamiltonian
H=-J3%" a,a,+ "”Zalalalal
<h/>
together with the Gutzwiller mean-field ansatz

|Wur) = lMI {i f}.?iﬂt)} :
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a) Calculate the following quantities:

(W e | HIV i),

(W e | | W ),

(W e |V ),

ot o Ywel V) ~ Wl Vi)
(W P )

(We have the notation A = a/a,.)

b) Explain briefly how you can distinguish between a Mott insulator and a superfluid
phase based on the quantities above.

l. Consider the mean-field BCS Hamiltonian

g (8 5)(8) ©

Diagonalize this by using the Bogoliubov transformation. Calculate the eigenenergies.
You do not need to calculate the eigenvectors, we give them here:

1 €«
Uk=u|(1~=VkL-"-‘J§(1+ €£+A2), (7)
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How are the new quasiparticle operators ¢, g related to the original operators g,
aq? Calculate the momentum distribution (ng) = (c,chkT) and the order parameter
A = =% 7 (0qC-ky) Using the BCS ansatz

1BCS) = [(th + vecl i cy) 10) -
k

What is the functional dependence of (n) on k (e.g. sketch a figure) in the BCS and in
the normal (non-interacting) state, and how does this relate to the concept of the Fermi
surface? Note that uk, W in the BCS ansatz are the same as in the Bogoliubov tranfor-

mation.
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