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Exam, ~Ionday, Dcccmber 5, 2022, 09:00 -
12

:00 

Complcx Analysis, \IS-C 1300 
'1 t· . . ers gjvcs no points. No cal-
1' 0 n atc your answcrs. Only givmg c1,nsW 

1 
culalors or boob, arc allowcd. Good tuck-

(1) (a) Find t,hc Taylor scrics of 

l 
J(z)=~ 

D 
. the radius of convergence p for 

around_ z0 = 0. etermme (2p) 
the senes. 

(b) Find the Taylor series of 

1 
t ( z) = ~ -, 2 - Z - Z" 

around zo = 0. Determine the radius of convergence P for 

the series. (Hint: Partial fractions help.) (
2
P) 

( c) Find the Laurent series of 

Logz 
J(z) = (z - 1)2 

in { z E C; 0 < lz - 11 < 1 }. 

(2) Calculate 

1 Log(l + z) dz 
, (2z - 1)3 

(2p) 

where: 
(a) ,(t)= e~i+½, for0_:St:S21r. (3p) 
(b) ,(t) = (2cost - l)eit, for O :S t '.S 21r. (3p) 

( Hint: Be careful with th~ win~ing nurnber in (b). Try to sketch 
thc curve. Think about for which t, 2 cos t - 1 is positive when 
it is zero, and when negativc.) ' 

(3) Let 
z2 - 1 

J(z) = (.:2 + 1)2· 

( a) Find the polcs of f and deterrnine their order. Calculate 
the rcsidues of f at th°isc polcs. (3P) 



(b) Calculate 
foo x2 - 1 

J _oo (.r2 + 1)2 dx 

(3p) 

( 4) Let U he a domain in C and assume that J == u + iv : U ➔ C 
is an analytic function. ~Iso assume that g = u2 + iv2: u ➔ c 
is analytic. Prove that / 18 a constant function. (Hint: Use the 
Cauchy-Riemann equations.) (6p) 

Useful formulas 

- Cauchy-Riernann equations 

8u = 8v and 8u = _ 8v 
8x 8y 8y 8x 

- Cauchy's In.tegral Formula __ 
- -- -- ·-- - - - -

) (n)( ) - ~ 1 J(z) d 
TJ("Y, Zo f zo - 21ri "Y (z - zo)n+l z 

- Residue for a pole of order m 
1 dm-1 

Res(zo, J) = (m -1)! }~o dzm-I [(z - zo)m J(z)] 

- Some 1aylor series 

1 00 

-- = '°' z11
, when lzl < 1 

1-z ~ 
n=O 

oo n 

ez = L :_, when z E C 
n! 

n=O 

00 2n 

cosz = °'"'(-1)"-z- when z E C 
~ (2n)!' 

oo z2n+1 C 
sinz = '°'(-l)n -, when z E 

~ (2ri + I)! 
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