
MS-C J 342 Linear Afgcbra V - Noferini 
AY 2022/23, Rctakc Exam 14.12.2023 

Instructions: Answcr as many qucstions as possiblc. Each subqucstion (labclled with lctters) carries equal 
weight, and is wonh a maximum mark of 6 points. 

It is only permittcd to bring to thc cxam room basic writing materia! and a scicntific calculator. 

1. 

A = [ 1/~ ~i, 
- 2/./5 0 

(a) Say whether the following claim is true or false: A = A . 12 is a QR decomposition of A. 
Justify your answer. 

(b) Using pan (a) or otherwise, describe the set of solutions to the )east squares problem 
minxEIR2 IIAx - bll2, 

2. Let 

[

y-1 
B = 1 

-1 

where y E lR. is a pararneter. 

0 
y+l 

0 

(a) Prove that the eigenvalues of B are y and y + 1, and compute an eigenvector associated with 
each of them. 

(b) Say whether the föllowing claim is true or false: The algebraic multiplicity of the eigenvalue y 
is equal to the geometric multiplicity of the eigenvalue y. Justify your answer. 

(c) Say för which values of y the linear system Bx = c has a unique solution för every possible 
right hand side c E JR.3• 

3. The Frobenius norm of a matrix C E lR.mxn is defined as IICI/F = JE'::1 Ej=1 IC;jl2. Hint: /n 
solving the next questions, you can freely use the following property. For every pair of orthogonal 
matrices Q E lR.mxm, Z E lR.nxn and every matrix C E lR.mxn it holds IICIIF = IIQCZIIF• , 

(a) Prove that, if m ~ n and the singular values of C are <11 ~ <12 ~ · · · ~ O'n, then 

IICII F ~ J u/ +uj + · · · +u~ ~ ~ t u/ 

(b) Using the statement of item (a) or otherwise, prove that if m ~ n then every C E JR.mxn 
satisfies both IICll2 ~ IICIIF and IICIIF ~ v'nllCll2, Moreover, give an exarnple of a matrix 
A E lR.2x2 such that IIAIIF = IIAll2, and an example of a matrix B E lR.2x2 such that 
IIBIIF = v'2IIBll2-

(c) Let U E JR.nxn. Using the statements of items (a) and (b) or otherwise, prove that 
IIUl/2 = IIUIIF if and only if dim R(U) = 1. 



{ "type": "Form", "isBackSide": false }

