Aalto University School of Science
Department of Information and Computer Science
Pekka Orponen (tel. 25246)

T-79.5203 Graph Theory (5 cr)
Exam Tue 24 May 2011, 1-4 p.m.

Write down on each answer sheet;

- Your name, degree programme, and student number

- The text: “T-79.5203 Graph Theory 24.5.2011”

- The total number of answer sheets you are submitting for grading

Note: You can write down your answers in either Finnish, Swedish, or English.

I. (a) Draw all the nonisomorphic (undirected, simple, loopless) graphs on two and four ver-
tices. (All means unconnected as well as connected ones.)

(b) Study the attached webpage on graph products and draw the graphs Py x Py and Py e P5.

(c) Give an example of a graph with four vertices that cannot be obtained as any kind of
product of two graphs with two vertices. (In the sense described on the webpage, and
considering all the 256 types of products.) Prove that your graph has the desired property.

2, Five students throw a frisbee. The students wonder about the length of the longest sequence of
throws such that each ordered sender-receiver pair (that is, A — B differs from B — A) occurs
at most once,

(a) Please help the students to determine this length, and also present one possible sequence
of maximum length,

(b) Can you say something about the same problem with n = 2011 students? (Do not attempt
to list such sequences.)

(c) For an arbitrary n, determine the shortest length of a maximal sequence, that is, a sequence
that cannot be continued without violating the above mentioned condition.

3. Suppose a Computer Science degree programme consists of # courses, all of them mandatory.
The prerequisite (di)graph G for the programme has a vertex for each course, and a directed
edge from course u to course v if and only if u is a prerequisite of v. (We shall assume that
the graph G contains no cycles.) Give a linear-time algorithm that takes as input the graph
G and determines the minimum number of semesters necessary to complete the programme,
assuming that a student can take any number of courses in one semester. Justify the correctness
and complexity of your algorithm.

4. A contingent of N families goes out to dinner together to a restaurant with M tables. To increase
their social interaction, the families wish to be seated so that no two members of the same family
are at the same table. Give an efficient algorithm for computing such a seating assignment, or
determining that none is possible, Each family i has #; members, and each table J seats at most
m;people,i=1,...,N,j=1,... M.

Grading: Each problem 6p, total 24p.
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